Abstract. In this paper, the nonexistence of tight spherical designs is shown in some cases left open to date. Tight spherical 5-designs may exist in dimension n = (2m + 1) 2 − 2, and the existence is known only for m = 1, 2. In the paper, the existence is ruled out under a certain arithmetic condition on the integer m, satisfied by infinitely many values of m, including m = 4. Also, nonexistence is shown for m = 3. Tight spherical 7-designs may exist in dimension n = 3d 2 − 4, and the existence is known only for d = 2, 3. In the paper, the existence is ruled out under a certain arithmetic condition The concept of a spherical t-design is due to Delsarte-Goethals-Seidel [7] . For a positive integer t, a finite nonempty set X in the unit sphere
§1. Introduction
The concept of a spherical t-design is due to Delsarte-Goethals-Seidel [7] . For a positive integer t, a finite nonempty set X in the unit sphere f (x) dS for all polynomials f (x) = f (x 1 , x 2 , . . . , x n ) of degree not exceeding t. Here, the righthand side involves integration on the sphere, and ω n−1 denotes the volume of the sphere S n−1 . The meaning of the notion of a spherical t-design is that it is a finite set of points on the sphere that replaces the sphere itself with respect to the integration of any polynomial of degree up to t. So, it is a finite set of points on the sphere that "approximates" the sphere. It is known [7] that there is a lower bound (Fisher type inequality) for the size of a spherical t-design in S n−1 . Namely, if X is a spherical t-design in S n−1 , then
if t is even, and
[t/2] if t is odd. From the design-theoretical viewpoint, for t and n given, to find a t-design X with the cardinality |X| as small as possible is the most interesting problem. A 2000 Mathematics Subject Classification. Primary 05B30. The third author was partially supported by the Swiss National Science Foundation. This work was done during a three month visit of B. Venkov to Kyushu University, and he thanks the University for hospitality.
The paper contains Appendix written by Y.-F. S. Pétermann. t-design X for which one of the lower bounds mentioned above is attained, is called a tight t-design, and such a design enjoys many interesting properties ( [1] , [6] - [8] , etc.). Unfortunately, tight t-designs rarely exist, and in [2, 3] it was proved that if a tight t-design in S n−1 with n ≥ 3 exists, then necessarily either t ≤ 5, or t = 7, 11. The tight t-designs with t = 1, 2, 3 as well as t = 11 are classified completely, while classification of tight t-designs for t = 4, 5, 7 is still an open problem. It is known that the existence of a tight 4-design in S n−2 is equivalent to the existence of a tight 5-design in S n−1 . It is also known that if a tight 5-design X exists in S n−1 (n ≥ 3), then either n = 3 and X coincides with the 12 vertices of the icosahedron, or n = (2m + 1)
2 − 2 for an integer m (see [1] - [3] and [7] ). This statement comes from the fact that all the eigenvalues of the corresponding association scheme are rational (see [2, Theorem 2] ).
Note that, as was mentioned in [1, Lemma 8.3.7, p. 175] , the case of t = 5 and n = 3 (i.e., the case of the 12 vertices of the icosahedron) was omitted in the original statement of Theorem 2 in [2] , and this omission is the only one. So, Theorem 2 in [2] remains true with this minor modification. Existence is known only for m = 1, 2, and such designs are known to be unique [9] .
If a tight 7-design exists in S n−1 (n ≥ 3), then n = 3d 2 − 4 (see [1] - [3] and [7] ). Existence is known only for d = 2, 3, and the corresponding designs are known to be unique [4] .
In this paper, we study the existence of tight 5-designs (hence, of tight 4-designs as well) and tight 7-designs, and prove the following results. No tight 5-designs in S The proof of nonexistence is based on the study of the Euclidean lattice generated by our design X, normalized so as to make all scalar products integer-valued. Using the basic relations (1)-(3), we obtain enough information on the determinant of this lattice. For the dimensions n = 44 and 71, the lattice is unimodular, and for the dimension n = 47, a closely related lattice Γ (see Subsection 3.2) happens to be even and of determinant 2 or 6. We exclude the case of determinant 6 by the Milgram-Braun formula. If det Γ = 2, then we glue Γ with an A 1 -lattice √ 2Z to obtain an even unimodular lattice of dimension 48. Calculating the theta series of the last-mentioned lattice in two ways (from the design and by modular forms), we arrive at a contradiction.
We note that our method is essentially the same as that used in [11] by Martinet [11] whose result leads to the nonexistence proof in the case of n = 71 (see Theorem 4.2).
We have not succeeded in proving the nonexistence of a tight 7-design in dimension n = 104, so that this case remains to be an interesting problem. We give some results concerning this case at the end of the paper. §2. Preliminaries
D is a spherical t-design in the unit sphere.
It is more convenient to consider spherical designs in a sphere of an appropriate radius than those in the unit sphere, because then we can make all the scalar products integervalued in some cases.
These three identities are called the basic relations. For the proof of these, we refer the reader to [16] . We mention a consequence of these relations, which we shall need later:
Suppose that the scalar products of arbitrary elements of X are integers. Let Λ be the lattice generated by X. For α ∈ Λ * , we define
Then, obviously,
Now the basic relations (1)-(3) can be written as
respectively.
We shall also need the Milgram-Braun formula for an even integral lattice Γ (see [12, 15] ):
A consequence of this formula is that an even unimodular lattice exists only if the dimension is a multiple of 8. This fact will be needed to rule out the existence of a tight 7-design in dimension 44.
If an integral lattice Γ is odd, then we denote by Γ + the sublattice consisting of elements of even norm. For an odd unimodular integral lattice Γ, it is known that there exists an element α ∈ Γ, unique up to modulo 2Γ, such that
and, for x ∈ Γ, 
with α = 1/ √ n + 2 for n > 3. First we note that if D is a tight 5-design in S n−1 (1), then for an arbitrary fixed x 0 ∈ X, the set
where
, all the elements of A(D) must be rational. An obvious exception exists for this claim, namely, the icosahedron in the case where (t, n) = (5, 3). As was shown in [1, Lemma 8.3.7] , this case is the only exception, and the original statement of Theorem 2 in [2] becomes true with this modification. So, with the assumption that n > 3, we conclude that n + 2 is a square. Moreover, we can easily see that n must be odd, since otherwise the parameters of the strongly regular graph associated with the tight 4-design become nonintegral.
Suppose
Now the basic relations (7) and (8) can be written as
respectively. We also mention another relation, which can easily be derived from (2):
Let Λ be the lattice generated by X. Since (x, y) is odd for all x, y ∈ X, we see that the even sublattice Λ + of Λ is given by
3.2. The lattice Γ. In this subsection, we assume that there exists a tight spherical design D = X ∪ −X, X ∩ −X = ∅, and keep the notation of the preceding subsection. We consider the lattice Γ defined by
Note that Γ is integral by (21). Our goal in this subsection is to study the structure of Γ * /Γ. In certain cases, Γ is shown to be even, so we can use the Milgram-Braun formula to derive some consequences.
Proof. For any λ ∈ Λ + , (
Since x / ∈ Λ + , we have
x ∈ Γ. Therefore,
In particular, we see that det Γ is even. Let D 2 be the Sylow 2-subgroup of Λ * /Λ, and let T be the preimage of
Indeed, if α ∈ T ∩ T * and β ∈ Λ * , then |T : Λ|α ∈ Λ and |Λ * : T |β ∈ T , whence
Since |T : Λ| and |Λ * : T | are relatively prime, we obtain (α, β) ∈ Z. This proves that α ∈ Λ * * = Λ, whence T ∩ T * = Λ. An easy consequence of this is the following:
Lemma 3.2. Suppose that there exists an odd integer
where A is an Abelian group satisfying rA = 0.
Proof. By assumption, we have (2rα, β) ∈ Z for all α, β ∈ Λ * . This implies
Thus, D 2 is elementary Abelian, so that D 2 has order at most 2 n . Also, (27) implies that (2α, β) ∈ Z for all α, β ∈ T . Therefore, √ 2T is integral and, consequently,
Since 2T is even and Λ is odd, we have 2T = Λ. Thus, D 2 is an elementary Abelian group of order at most 2 n−1 . Since det Γ/2 is an integer by Lemma 3.1, and
we conclude that det Γ/2 is odd. Therefore, Γ * /Γ ∼ = Z/2Z ⊕ A for some Abelian group A of odd order. Now (27) implies 2rA = 0, whence rA = 0.
Proof. The difference of (18) and (17) is a nonnegative integer divisible by 12, because
Lemma 3.4. Suppose that m(m+1)
is not divisible by the square of an odd prime. Then
If, moreover, m ≡ 1 (mod 3), then
Proof. Pick α ∈ T * and put (α, α) = p q , where p, q ∈ Z are relatively prime. Since |T * : Λ| is odd, we see that q is odd. By Lemma 3.3, we have
By assumption, it follows that q is a power of 3. Write q = 3 t . Since m(m+1) ≡ 0 (mod 9) by assumption, we obtain
if t ≥ 1. But this forces t = 1 and m ≡ 1 (mod 3). This completes the proof. 
Proof. Pick α ∈ T . Since |T : Λ| is a power of 2, we can write (α, α) = p 2 t , where p is odd and t is a nonnegative integer. By Lemma 3.3,
Thus, 2t + 1 ≤ r, or equivalently, t ≤ [ x + Γ}, where x ∈ X is an arbitrary element. Since Γ is even, we can apply the Milgram-Braun formula (10) to obtain 1 + e πi(2m+1)/2 = √ 2e nπi/4 . Since n ≡ −1 (mod 8) and m is even, we arrive at a contradiction. Proof. Let α + Λ be an element of order 3 in Λ * /Λ. Since (3α, α) ∈ Z, we can write (α, α) = k 3 for some positive integer k. Now
Λ, then 2α ∈ Λ. Also, by assumption, 3α ∈ Λ. Thus, α ∈ Λ, a contradiction. Therefore,
implies that √ 2α + Γ is an element of order 3 in Γ * /Γ. Together with Lemma 3.1, this yields a set of representatives for Γ * /Γ:
where x is an arbitrary element of X. Reduced modulo 2Z, the norms of these elements are
respectively. Since Γ is even, we can apply the Milgram-Braun formula (10) to get
if m is even, √ 2e −πi/4 if m is odd, and 1 + 2e
we conclude that m is even and k ≡ 2 (mod 3).
The general case.
The following theorem rules out the existence of tight spherical 5-designs in R n for some values of n. In the appendix it is shown that the number of such n is infinite. Proof. If there exists a tight spherical 5-design in R n , then the lattice Γ is even by Lemma 3.7. But Lemma 3.6 implies det Γ = 2, which contradicts Lemma 3.8 because m is even.
The above theorem rules out the existence of a tight spherical 5-design for m = 4, 10, 22, 28, 34, 46, 52, 58, . . . . However, it does not rule out the existence of a tight spherical 5-design for the smallest open case, that is, the case of m = 3. In order to deal with this case, we need to know elements of small norm in the lattice Λ generated by a tight spherical 5-design. In the remaining part of this subsection, we give some general results, assuming the existence of a tight spherical 5-design in R n as in Subsections 3.1 and 3.2. Proof. The assertions are easy consequences of Lemma 3.3. Proof. This is immediate from (23) and Lemma 3.10.
Lemma 3.12. min(Λ) = 2m + 1.
Proof. By Lemma 3.11, it suffices to show that (λ, λ) ≥ 2m + 1 for all λ ∈ Λ − . By (6) and (22), we have n 0 (λ) = 0, so that |X| = ∞ k=1 n k (λ). Thus, by (17), we have
Therefore, (λ, λ) ≥ 2m + 1. 
This is a contradiction.
Lemma 3.15. Suppose m ≥ 3. There is no element
Proof. Suppose |(α, x)| is 1 or 3 for all x ∈ X. Then (6), (17), and (18) read like this:
Eliminating n 1 (α) and n 3 (α), we find
This quadratic equation in (α, α) has discriminant 52 − 8m(m + 1) < 0 if m ≥ 3. This is a contradiction.
Let Λ k denote the set of elements of norm k in Λ, where k ∈ Z.
Proof. Let λ ∈ Λ 2m+1 . Then, by Lemma 3.15, there exists an element x ∈ X such that |(λ, x)| ≥ 5. Replacing x by −x if necessary, we may assume that (λ, x) ≥ 5 for some
By Lemma 3.11, we conclude that λ = x ∈ X ∪ −X.
3.4.
The case of n = 47. Now we restrict our attention to the case where n = 47. Suppose that there exists a tight spherical 5-design X ∪−X in R 47 . We keep the notation of the preceding subsections. Proof. If λ ∈ Λ + , then, by Lemma 3.11, we have (λ, λ) ≥ 28/3. This implies Λ 8 = ∅. Also, Λ 9 = Λ 10 = Λ 13 = Λ 14 = ∅ by Lemma 3.7. Let λ ∈ Λ 11 . By Lemma 3.15, there exists an element x ∈ X ∪ −X such that (λ, x) ≥ 5. Then (λ − x, λ − x) ≤ 8. We have already shown that Λ 8 = ∅, while λ − x ∈ Λ + , so that (λ − x, λ − x) ≤ 6. Therefore, λ = x by Lemma 3.11, a contradiction. Proof. Let λ ∈ Λ 12 . By Lemma 3.14, there exists an element
It remains to show the uniqueness of an expression λ = x + y, x, y ∈ X, with (x, y) = −1.
. This is a contradiction. Therefore, x = x or x = y , and uniqueness follows. Proof. Without loss of generality we may assume that min(α + Λ) = (α, α). Then, by Lemma 3.13, we have
Since rα ∈ Λ = Λ + ∪Λ − , first we consider the case where rα ∈ Λ − . Then (rα, x) = r(α, x) is odd for all x ∈ X by (22). Since r is odd and (α, x) ∈ Z, we see that (α, x) is odd for all x ∈ X. Now (30) contradicts Lemma 3.15. Therefore, rα ∈ Λ + . Then (rα, x) is even, and (α, x) is also even. This implies ( 
Proof. By (19), we have
Putting γ = α, we obtain the desired result.
Lemma 3.21. det Γ = 2.
Proof. By Lemma 3.6, we have Γ
First, we show that t ≤ 1. By (28), it suffices to check that there are at most two elements of order 3 in Λ * /Λ. Let α + Λ, β + Λ ∈ Λ * /Λ be elements of order 3. We want to show that β + Λ = ±(α + Λ). By Lemma 3.19, we may assume
If α + β ∈ Λ, then β + Λ = −α + Λ and we are done. So, suppose α + β / ∈ Λ. Then α + β + Λ is also an element of order 3. By Lemma 3.19,
Now (31) and (32) imply
We have
by Lemma 3.20. By (33), β + Λ = 16α + Λ = α + Λ. Therefore, we have shown that t ≤ 1, whence det Γ = 2 or 6. The latter case cannot occur. Indeed, by Lemma 3.7, Γ is even, so that Lemma 3.9 yields a contradiction because m = 3 is odd.
Starting with Γ, we can construct an even unimodular latticeΓ of rank 48 from Γ as follows. Consider the lattice
where x 0 ∈ X. Note that the definition ofΓ is independent of the choice of x 0 ∈ X by Lemmas 3.1 and 3.6. Since Γ is even by Lemma 3.7, √ 2Z ⊕ Γ is also even. The norm of the element (
Now we compute the theta series ofΓ. In order to do this, we compute the number of elements of norm 2, 4, 6 inΓ. First, observe that
Λ. Indeed, clearly we have
so that we must have Proof. From Lemma 4.3 it follows easily that min Λ = 5 and Λ 5 = D. Martinet [11] showed that Λ 5 cannot be a 7-design. This is a contradiction.
4.2.
The case of n = 104. Now, we consider the next case: d = 6, n = 104. Here we give some properties of a possible lattice Λ. Since d is even, Λ is even. However, we have not been able to prove the nonexistence of a tight 7-design in dimension n = 104; the existence remains an interesting open problem. (ii) Λ has minimum 6, and
The theta series of Λ is uniquely determined as
(v) Λ k is a spherical 7-design for all k = 6, 10, 12, 14, . . . .
Proof. (i) Lemma 4.2 shows that Λ
* is even, whence Λ is an even unimodular lattice. (ii) We can show that there is no element α ∈ Λ * such that (α, x) ∈ {0, ±1, ±2, ±3} for all x ∈ X. In fact, solving the basic relations for four unknowns n k (α) (k = 0, 1, 2, 3), we find a unique solution containing a negative number. Then it follows easily that the minimum of Λ is 6. If α ∈ Λ 6 \ D, then, again, (α, x) ∈ {0, ±1, ±2, ±3} for all x ∈ X, which is impossible.
(iii) Suppose α ∈ Λ 8 . Since min Λ = 6, we see that
which is impossible. Therefore, |(α, x)| < 4 for all x ∈ X. Solving the basic equations, we obtain n 3 (α) = 56. Put
Then |N 3 | = 56. We claim that x∈N 3 x = 21α. Without loss of generality we may assume that (α, x) ≥ 0 for all x ∈ X. Then, by (4), x∈N 3 x is a scalar multiple of α. The scalar is determined to be 21, because (α, α) = 8 and
(iv) Since the space of modular forms of weight 52 has dimension 5, the theta series is uniquely determined by (ii), (iii).
(v) Let f be a homogeneous harmonic polynomial of degree 2, 4, or 6. Since Λ 6 is a spherical 6-design, by (ii) we have x∈Λ 6 f (x) = 0. The harmonic theta series
is a modular form of weight 52 + deg f . Statements (ii) and (iii) imply that ϑ Λ,f has no terms of degree less than 5. The spaces of modular forms of weight 54, 56, and 58 all have dimension 5, so that ϑ Λ,f = 0. This implies that Λ k is a spherical 6-design, hence a 7-design, for k = 10, 12, 14, . . . .
1.
If p is any prime number, then the number of solutions i modulo p 2 of 2ui 2 ≡ −1 (mod p 2 ) is at most 2. Therefore, if µ(j) = 0, then the number of solutions i modulo j 2 of 2ui 2 ≡ −1 (mod j 2 ) is at most 2 ω(j) , and
where for the last estimate we consider the cases I ≥ J and J ≥ I separately. By setting y = x 2/3 , we obtain (48). We prove ( if we set y = x 3/4 . This yields (47).
